OPEN BOOK FOLIATION 



TETSUYA ITO AND KEIKO KAWAMURO 

Abstract. We define open book foliation and study its properties and applications to 
contact geometry. 
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1. Introduction 

In his seminal work [l] , Bennequin showed that there is an "exotic" contact structure ^oi 
on S^, which is homotopic to the standard contact structure ^std as a 2-plane field but it 
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is not contactomorphic to S^std- Ii^ contemporary notions, what Bennequin showed is that 
^std is tight, whereas (,ot is overtwisted. In order to distinguish these contact structures, he 
studied closed braids and certain fohations on their Seifert surfaces induced by the contact 
structures. Since then Bennequin's method has been developed into two directions. 

One direction is the theory of characteristic foliation and convex surfaces. Eliashberg 
used the characteristic foliations to show Bennequin-Eliashberg inequality for tight contact 
3-manifolds |17j and generalized Bennequin's result for the tight contact 3-sphere. The 
characteristic foliation also plays an important role in his classification of overtwisted con- 
tact structures |16j . In [25] Giroux developed the notion of characteristic foliation into 
convex surface theory, which provides us cut-and-paste technique to study contact struc- 
tures and leads to classification of the tight contact structures for various 3-manifolds. See 
[29j for basic techniques in convex surface theory. 

The other direction is the theory of braid foliation developed in a series of papers by 
Birman and Menasco O El O El [9l \TU[ [TT] . One of its highest achievements is "Markov 
theorem without stabilization" which states that given two closed braid representatives of 
any link in are transformed to each other in very controlled manner [TT]. Moreover 
Birman- Menasco applied it to contact geometry and constructed examples of transversely 
non-simple knots in the standard contact 3-sphere: knots having the same topological type 
and the same self-linking number but being not transverse isotopic [12]. Their examples 
are closed 3-braids related by negative flypes. An analysis of Markov tower, a sequence 
of braid moves which relates one to the other, tells that the two closed braids represent 
distinct transverse knots. See also [3] for basic techniques. 

In this paper we introduce open book foliation to integrate the above two methods, which 
appear to have origins in Bennequin's work. Our starting point is Giroux correspondence 
|27| : there is a one-to-one correspondence between the contact 3-manifolds up to contact 
isotopy and the open book decompositions of 3-manifolds up to positive stabilizations. An 
open book decomposition naturally induces a singular foliation on an embedded surface that 
reflects the compatible contact structure. The open book foliation is the induced foliation 
satisfying some additional conditions. As we see in Theorem 13.51 the requirements are not 
so restrictive that any embedded surface can be isotoped to admit an open book foliation. 

Although the two foliations share numerous common properties (cf. Theorem 14. ip . 
the open book foliation is more rigid than the characteristic foliation and it has stronger 
combinatorial nature. For instance, compared to the characteristic foliation, it is easier to 
obtain the whole picture of the open book foliation on a given surface. The open book 
foliation is a particularly convenient tool to study overtwisted contact structures. It helps 
us to see or construct an overtwisted disc explicitly, rather than just to show overtwistedness 
indirectly. 

Once we develop simple basic notions and machineries of the open book foliation, we 
deduce various old and new results: 

As a new result, we prove in Theorem (531 a self-linking number formula for closed braids 
in arbitrary open books, which generalizes Bennequin's formula [1] and subsequent works 
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in |36l [37] . Interestingly, our formula suggests that there is an unexpected relationship be- 
tween contact structures and the Johnson-Morita homomorphisms in mapping class group 
theory. 

In Section [6l we use the open book foliation to give alternative and combinatorial proofs 
to two fundamental results in contact geometry: Bennequin-Eliashberg inequality [T7], and 
Honda-Kazez-Matic's characterization of monodromy for overtwisted contact structures 

m- 

We close the paper by giving an infinite family of open books that are right-veering 
and non-destabilizable but compatible with overtwisted contact structures, which answers 
negatively to a question of Honda-Kazez-Matic [30] . Our family generalizes the previously 
known examples by Lekili p8j and Lisca [39], but our proof of overtwistedness is more 
direct. 

2. Origins of open book foliation 

In this section we briefly review the braid foliation and the characteristic foliation. They 
motivate our study of the open book foliation. We extend the braid foliation to the open 
book foliation. While, many applications of the open book foliations are derived from 
problems in characteristic foliation theory. 

2.1. Braid foliation. In Birman-Menasco's braid foliation theory [H [6l [71 [HI [H [111 [TT] . 

braids are geometric objects: Let A be an oriented unknot in S^. As is well-known, 
^ is a fibered knot: The fibration tt : \ A ^ is rather easy to see since 5'^ \ A 
is homeomorphic to the solid torus x S*^, so vr is nothing but the trivial projection 
X — 7- S*^. Typically, we regard S''^ = M'^ U {oo} and identify A with a union of z-axis 
and the point at infinity oo. With the cylindrical coordinates {r,9,z) of M^, the fibration 
is given by the projection (r, 9, z) ^ 6. An oriented link L C /S^ is called a closed braid 
with respect to A (and vr) if L is disjoint from A and positively transverse to each fiber 
Sq = 7r~^{9). In other words, L winds around the z-axis in the positive direction. 

Now let us consider an incompressible Seifert surface F of L, or an essential closed 
surface F C \ L. The intersection of F and the fibers {Sg \ & S^} induces a singular 
foliation F on F. By putting F in a "nice" position, F satisfies certain properties, which are 
generalized below in Section [3] into properties (OF i)— (OF iv) of the open book foliation. 
This F is called the braid foliation. 

The foliation F encodes both geometric and algebraic features of the closed braid L. 
Here is a simple example: Let L be the closure of the braid word cJi in Artin braid group 
B2, and let F be its Bennequin surface that consists of two discs and one positively twisted 
band. See Figure [Tj- (a), where F and its braid foliation F are depicted (the meaning of 
symbol © will be made clear in Section [3.1.ip . Now we collapse the twisted band and a 
disc to simplify F and get the trivial braid as in Sketch (b). Algebraically, this corresponds 
to destabilization of cJi. Thus, the braid foliation F detects that L admits destabilization. 

In general, if F can be "simplified" then L is also "simplified". Moreover, as the above 
example suggests, a simplification of F can be understood as a certain operation on closed 
braids. Therefore by modifying F, one may find the "simplest" braid representative of the 
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Figure 1. Example: Braid foliation and destabilization. 

topological type of L and a sequence of operations on closed braids that simplifies L as 
well. 

The braid foliation has vast applications to the study of knots and links in 5^ [H El 
El El [HI El [TOl 111] , Moreover, via the correspondence between the transverse links in the 
standard contact and the closed braids, the braid foliation is useful to solve problems 
in contact geometry, in particular, transversely (non-) simple knots [T2 l [T3 l [T4]. 

Among them, here we highlight two results. In [10] Birman-Menasco classify the 3-braids: 
Two closed 3-braids representing topologically the same link are related to each other by one 
(either positive or negative) flype move. This is the key to their construction of transversely 
non-simple 3-braid links in |12] . In [7] they proved that every closed braid representative of 
the unknot can be deformed into the one-stranded braid by a sequence of exchange moves 
and destabilizations. Based on this, Birman- Wrinkle |14j gave an alternative topological 
proof of the theorem first proven by Eliashberg-Fraser [15]: The unknot in {S'^,^std) is 
transversely simple. 

It should be pointed out that the braid foliation is not so difficult to see or draw once 
embedding of the surface is understood. This contrasts strikingly with the flexibility of the 
characteristic foliations, which we describe next. 

2.2. Characteristic foliation. Let (M, ^) be a closed contact 3-manifold. Let F C M 
be an oriented embedded surface, either closed or typically with Legendrian boundary for 
technical reasons. (A convex surface with transverse boundary is established by Etnyre 
and Van Horn- Morris [21^ Section 2].) Integrating the vector field ^ fl TF on F, we get 



OPEN BOOK FOLIATION 



5 



a singular foliation J^^{F) on F, called the characteristic foliation. The characteristic 
foliation encodes information of the contact structure near F: If two contact structures 
induce the same characteristic foliation on F, then they are isotopic near F. 

A surface F is called convex if there exists a vector field v whose flow preserves ^ and 
is transverse to F. For a convex surface F, the dividing set is a multi-curve on F defined 
hy {p ^ F \ vp G (,p}. As the name suggests, it "divides" the characteristic foliation T^{F). 
By Giroux's flexibility theorem [25], it is the dividing set (not the whole characteristic 
foliation) that encodes essence of the contact structure near F: If two contact structures 
induce the same dividing set on F, then they are isotopic near F. 

In [29], Honda invented bypass attachment, which allows us to modify dividing sets in 
controlled manner. With careful examination of the dividing sets (and the characteristic 
foliations) one can glue and/or cut contact 3- manifolds along convex surfaces, hence usual 
topological techniques apply. It lead to various results in contact topology including the 
non-existence of tight contact structures on a Poincare homology sphere [18] , and classifica- 
tion of the Legendrian knots of the (2, 3)-cable of the (2, 3)-torus knot and its transversely 
non-simplicity [20], both by Etnyre and Honda. 

In practice, except for certain simple cases, it is not easy to grasp the entire picture of 
the characteristic foliations or the dividing sets, and not very clear how they change under 
isotopies of the surfaces. One of the merits of the open book foliation is to visualize the 
characteristic foliation in manageable way. 

3. Foundation of open book foliation 

In this section we develop basic machineries of the open book foliation. As we indicate 
carefully, many of the ideas have sources in Birman-Menasco's braid foliation theory. Often 
time the braid foliation provides motivating and the simplest examples for basic notions of 
the open book foliation. More advanced methods, such as generalization of the so-called 
exchange move in braid foliation theory, will be discussed in our subsequent paper [33]. 

3.1. Definition of open book foliation. 

An open book (S, (j)) is a pair of compact surface S with non-empty boundary dS and a 
mapping class € yiCG{S,dS). For an open book (S", </>) we define a closed oriented 
3-manifold -^(5,0) by 

\\dS\ 

where denotes the mapping torus S x [0, l]/(a:;, 1) ~ (0(2:), 0), and the solid tori are 
attached so that for each point p G dS the circle {p} x 5^ C dM^ bounds a meridian disc for 
X S"^. We say that (5, 4>) is an open book decomposition of the 3-manifold M = Mf^g^^y 
A very simple example is (5, (f)) = (D^, id) where M(£)2 = . We view the union of the 
cores for the attached solid tori as an oriented fibered link B va M and call it the binding 
of the open book. Let -k : M\B ^ S"^ = R/Z denote the fibration. The fibers 7r~"'^(f) = St 
where t € [0, 1) are called the pages of the open book. 
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An oriented link L in M is in braid position with respect to the open book (5, (j)) if L 
is disjoint from the bindings and positively and transversely intersects each page St- This 
generalizes the familiar concept of braid position for a link in -/Vf(^2 j^j) = S'^. 

Let ^ = kera be a contact structure on M. We choose an open book {S,cj)) that is 
compatible with (M, ^) under the above-mentioned Giroux correspondence. Thus, a > 
on the binding B and da is a positive area form on each page St- 

Let F be an oriented connected compact surface smoothly embedded in M whose non- 
empty boundary dF is a transverse link in (M, ^). Thanks to Bennequin [1] and Pavelescu 
[l3], any transverse link in (M, ^) can be transversely isotoped to a closed braid in {S,(f)). 
Hence from now on, we may assume that dF is in braid position relative to {S, 4>). 

Consider the singular foliation T = T{F) on F induced by the the fibers {St \ t G S^}. 
That is, is a foliation obtained by integrating the singular line field TSt fl TF. We call 
each connected component of the intersection FCiSt a leaf. By general position argument, 
the surface F can be perturbed, with the transverse link type of dF fixed, so that F satisfies 
the following four conditions, cf. [3l p. 271]. 

(OF i): The binding B pierces the surface F transversely in finitely many points. 
Moreover, each point p € i? n F is an elliptic singularity in the foliation F. See 
[241 p. 166] for the definition of elliptic points. Geometrically, there exists a disc 
neighborhood Np C F oi p on which the foliation F{Np) is radial with the node p. 
The converse also holds: any elliptic singularity of is a transverse intersection 
point of B and Int(i<'). 

(OF ii): There exists a tubular neighborhood C M of dF such that each leaf of 
the foliation F{F n A^) transversely intersects dF. 

(OF iii): All the fibers St but finitely many intersect F transversely. Each excep- 
tional fiber is tangent to Int(-F) at a single point. In particular, F has no saddle- 
saddle connections. 

(OF iv'): The type of a tangency in (OF iii) is either saddle, local maximum, or local 
minimum. 

Definition 3.1. |11|, p. 439] We say that a page St is regular if St intersects F transversely 
and is singular otherwise. Similarly, a leaf / of J-" is called regular if / does not contain a 
tangency point and it is called regular otherwise. 

The arguments in (3l p. 272-273] imply the following: 

Proposition 3.2. Since dF is in braid position, no regular leaf of F{F) has both of its 
endpoints on dF. Hence, the regular leaves of F are classified into the following three types: 

a- arc An arc where one of its endpoints lies on B and the other lies on dF. 
6-arc An arc whose endpoints both lie on B. 
c-circle A simple closed curve. 



Most of the arguments below hold even when F is closed. 
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Definition 3.3. We say that the singular fohation J-{F) is an open hook foliation if the 
above conditions (OF i), (OF ii) and (OF iii) and the following condition (OF iv), 
which is evidently stronger than (OF iv'), are satisfied and denote it by Tob{F)- 

(OF iv): All the tangencies of F with fibers are saddles, and each corresponds to a 
hyperbolic point of J-{F). See \14\ p. 166] for the definition of hyperbolic points. 

Remark 3.4. The definitions of the braid foliation and the open book foliation are similar. 
However there are clear differences: (i) The ambient manifold for the braid foliation is S^, 
whereas the open book foliation is defined for any closed 3-manifolds. (ii) In braid foliation 
theory it requires that each regular leaf Z C S'j is an essential arc or loop in St \ {St H L), 
as stated in (3l Theorem 1.1]. But this is not the case for the open book foliation, and it 
even allows F to be compressible. 

The open book foliation is intrinsic in the following sense: 

Theorem 3.5. By isotopy that fixes the transverse link type of the boundary dF , every 
surface F admits an open hook foliation Fob{F). Moreover, we can make Fob{F) with no 
c-circles. 

In order to prove Theorem 13.51 which will be done in Section 13.1.21 we first establish the 
sign of a singularity, by extending [3l p. 280]. 

3.1.1. Sign of singularity. The open book foliation F'ob has two kinds of singularities: An 
elliptic point which is a point of B F, and a hyperbolic point where F is tangent to a 
fiber St- We say that an elliptic singularity p is positive (resp. negative) if the binding B 
is positively (resp. negatively) transverse to F at p. The sign of the hyperbolic singular 
point p is positive (resp. negative) if the positive normal direction of F at p agrees (resp. 
disagrees) with the direction of t. See Figure [H where we describe an elliptic point by a 
hollowed circle with its sign inside, a hyperbolic point by a black dot with the sign indicated 
nearby, and positive normals to F, np, by dashed arrows. 
With this definition, we observe that: 

Claim 3.6. The elliptic point at the end of any a-arc is positive, and the endpoints of 
every b-arc have opposite signs. 

We see a hyperbolic singularity as a process of switching the configuration of leaves. 
As t increases, (possibly the same) leaves and I2 approach along an arc 7, dashed in 
Figure [31 connecting li and I2. At a critical moment, these two leaves form a hyperbolic 
singularity, then the configuration of the leaves is altered. See the passage in Figure O 
Thus, up to isotopy, a hyperbolic singularity is determined by 7. We call 7 a description 
arc of a hyperbolic singularity. 

Definition 3.7. We denote the number of positive (resp. negative) elliptic points of Fob{F) 
by e+ = e-\.{Fob{F)) (resp. e_ = e-{Fob{F))). Similarly, the number of positive (resp. 
negative) hyperbolic points is denoted by /i+ = h-\.{Fob{F)) (resp. h- = h-{Fob{F))). 
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A 







Figure 2. Signs of the singularities in and normal vectors np. 





Figure 3. A description arc (dashed) for a hyperbolic singularity. 



Proposition 3.8. The Euler characteristic of the surface F has 

x(F) = (e+ + e„)-(/i+ + /i_). 

To prove Proposition 13. 8| we introduce orientations for leaves here: Both the surface F 
and the ambient manifold M are oriented so that the positive normal np of F is canonically 
defined (cf. the dashed arrows in Figure [2]). Then np induces a transverse orientation of 
Fob{F). The transverse orientation naturally introduces an orientation of leaves of Fob{F) 
as follows. We orient each leaf of J-ob{F), for both regular and singular, so that if we 
stand up on the positive side of F and would walk along a leaf, the positive side of the 
corresponding page St of the open book would be on our left. In other words, at a non- 
singular point p on a leaf / C {St fl F) let vhe a. positive tangent vector to then ftp xv is 
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a positive normal vector to the page St- As a consequence, positive/negative elliptic points 
become sources / sinks of the vector field v. 

Proof of Proposition \3.8[ The orientation of the leaves induces a vector field on F. Since, 
by definition (OF iv), any singularity of J^oi,{F) is either elliptic or hyperbolic, the equality 
follows from Poincare-Hopf theorem. □ 

3.1.2. Proof of Theorem \3.5l Since we do not assume the incompressibility for the surface 
F, we cannot directly apply Roussarie-Thurston's general position theorem [451 Theorem 
4] or the proof of the corresponding result in braid foliation [3l Theorem 1.1]. Instead, we 
use the so-called finger move. 

Proof Let p be a local extremal tangency in the page St- Take an arc 7 in St which 
connects p and B = dSt- If 7 intersects some leaves of TobiF), by small perturbation we 
make the intersections transverse. Now we push the part(s) of F in a neighborhood of 7 
by the finger move to remove the local extremal tangency. See Figure [H 




Figure 4. Finger move. 

This operation introduces new elliptic and hyperbolic singularities. If the positive normal 
vector of St agrees (resp. disagrees) with the positive normal vector for F at p, then the 
finger move introduces one negative (resp. positive) hyperbolic point and a pair of it 
elliptic points. See the top sketch in Figure [5j For other part of F that is involved in the 
finger move, a pair of it elliptic points and a pair of ± hyperbolic points are introduced. 
See the bottom row of Figure [5j 

To confirm the second assertion, we apply a similar technique. By the above argument, 
we may assume that J-ob{F) has no local minimum or maximum. Suppose that StQ,St^ 
(to < ti) are singular pages such that for any t € (to, ii), St contains a c-circle ct and the set 
^4 = {q I to < ^ < ^i} forms a smooth annulus. Each of the limit circles q. C St^ [i = 0, 1) 
has one or two hyperbolic point (s). (In the latter case the two points are identified due to 
(OF iii).) Pick a properly embedded arc a <Z A that joins a non-singular point on ct^ and 
a non-singular point on Qj and intersects all q (to < t < ti) transversely. Take an open 
rectangular neighborhood R C F oi a such that Fob{R) has no singularities and is foliated 
by parallel arcs oriented in the same direction. See Sketch (1) of Figure [H 
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Figure 6. Removal of c-circles. 



We apply the above finger move (the bottom sketch of Figure [5]) twice in the interior of 
R so that for each i = 0,1, the limit circle Cf. is replaced by a b-arc, which we call 6f. C St^. 
Hence two pairs of it elliptic points and two pairs of it hyperbolic points are added to the 
region R. See Sketch (2) of Figure El 

Now a new sub-annulus A' = {ct \ uq < t < ui} C A, for some < uq < ui < ti, is 
created so that each component of dA' contains one of the new hyperbolic points in R and 
is part of a singular leaf in S^j. that ends at the it elliptic points in R. Hence the boundary 
dA' is better controlled than dA. We notice that Int(^ \ A') consists of 6-arcs, i.e., no 
c-circles. 
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Choose a neighborhood N^i <Z A oi A' (the shared region between the two red 6-arcs in 
Sketch (2)) so that N^i \ A consists of 6-arcs between the new elhptic points in R. Take 
a properly embedded arc a' in N^i that joins the boundaries of N^i^ intersects Tobi^A') 
transversely and does not contain any singularity of TobiNj^i). Let R' C Ahe a rectangular 
neighborhood of a' that is foliated by parallel arcs oriented in the same direction. Apply 
the finger mover in the interior of R' so that one c-circle, cg C A' where uq < 9 < ui, is 
replaced by a pair of it elliptic points and two 6-arcs, and a pair of it hyperbolic points is 
introduced at the ends of a' . See Sketch (3) of Figure [6l After the finger move, there is no 
c-circles in yl'. □ 

3.2. Region decomposition and negativity graph. 

3.2.1. Region decomposition. Recall the three types of regular leaves: Type a, 6 and c 
(Proposition [32]) • The hyperbolic singularities in J^ob are classified into six types, according 
to types of the regular leaves near the separatrices: Type aa, ab, bb, ac, be, and cc as 
depicted in Figure [71 The corresponding notions in the braid foliation can be found in (Sj 
p. 279], where the ac-annulus is excluded. 




oc-annulus 6c-annulus cc-pants 

Figure 7. Six types of the region neighborhoods for hyperbolic singularities. 

We call such a model neighborhood a region neighborhood or simply region. For each 
type, the sign of the hyperbolic point can be either it, although the sign assignments to the 
elliptic points are canonically determined due to Claim [3^ For type ac- and 6c-regions, the 
hyperbolic point can be on the left part of the annulus. Each region i? is a closed set and 
Int(i2) is embedded in F. The topological type of Int(i?) is either disc, annulus, or pants, 
the elliptic points in an aa-, ab- or 66-tile are required to be distinct, since the separatrices 
of the tile sit on a single page of the open book. In general, R might be degenerated, that 
is, some parts of dR are identified in F, see Figure [8] for examples. 
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Figure 8. (1, 2) Degenerate regions. (3) An impossible degenerate region. 

The next proposition, which generahzes [3l Theorem 1.2], demonstrates one of the useful 
features of the open book foliations. 

Proposition 3.9 (Region decomposition). If TobiF) contains a hyperbolic point, the sur- 
face F is decomposed into a union of regions whose interiors are disjoint. 

The decomposition is called a region decomposition of F. It provides a combinatorial 
description how F is embedded in M^^g^^y We remark that if only aa-, a6-, and 66-tiles 
exist in the region decomposition, which is realizable by Proposition 13.51 then the region 
decomposition is a cellular decomposition of F: the elliptic points are regarded as 0-cells, 
and the regions are regarded as 2-cells. 

Proof. Take region neighborhoods for all the hyperbolic points of Tob so that the interiors 
are disjoint. Let R denote the union of the region neighborhoods. Suppose that F \ R 
is non-empty. Let D be a connected component oi F \R. By Proposition 13.21 T(,b{D) 
consists of only one type of regular leaves, type a, 6, or c, as depicted in Figure [9l Since 




Figure 9. Regions foliated by regular leaves. 

D is maximal, it is adjacent to some region Dq C i? of a hyperbolic point p. The union 
D U Dq is also a neighborhood region of p, so we extend R to RU D. Since F is compact, 
the number of the connected components of -F \ i? is finite. Repeating the above procedure 
finitely many times, we obtain that R = F, i.e., F has a region decomposition. □ 
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3.2.2. Negativity graph. Finally, we introduce a key notion, the negativity graph. 

The two flow lines, induced by the orientation vector field for J-'of, (Section I3.1.ip . ap- 
proaching to (resp. departing from) the hyperbolic point in an aa-, ab-, or bb-tile is called 
stable (resp. unstable) separatrices. 

Definition 3.10. The negativity graph G-- is a graph properly embedded in F. The 
edges of G-- are the unstable separatrices for the negative hyperbolic points in Fob{F). 
We view these negative hyperbolic points as part of the edges. The vertices of consists 
of the negative elliptic points in Tob{F) and the end points of the edges of that sit 

on called the fake vertices. See Figure [TOl 



D 

O : Fake vertex 

Figure 10. The negativity graph G--. 

Remark 3.11. In braid foliation theory, graphs G±^±,G±^zs^ [3l p. 314], in which our nega- 
tivity graph obviously has its origin, play important roles. In convex surface theory, 
can be viewed as a sub-graph of Giroux's graph [261 p. 646]. 

3.3. Examples of the open book foliation. 

Example 3.12. First we consider the simplest open book {D'^,id) which supports the 
standard tight contact structure on S^. This is the case that Birman and Menasco studied 
in their theory of braid foliations. Consider a 2-sphere F embedded as shown in the left 
sketch of Figure [TTJ Since F intersects the binding in four points, the open book foliation 
Fob{F) has four elliptic points, two positive and two negative. It also has two hyperbolic 
points of opposite sign where F is tangent to pages of the open book. The right sketch of 
Figure [TT] depicts the whole picture of Fob{F). Note that Fob{F) is not realizable as the 
braid foliation because it contains inessential 6-arcs. 

Example 3.13. Next we study a more complicated but informative example. Let us 
consider the open book {A,T^^) where A denotes the annulus and Ta is the right-handed 
Dehn twist along the core of A. The ambient manifold is again 5^ with the negative Hopf 
link binding. However in this case {A^TJ^) supports an overtwisted contact structure. 

In general, including this case, it is not easy to visualize the open book foliation imme- 
diately. To overcome this difficulty, we cut the complement of the binding M( \ B along 
the fiber Sq. The resulting manifold is 5 x [0, 1] and each page St is naturally identified 
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Figure 11. Example [3321 

with S X {t}. A surface F C M(^s,<j)) is ^Iso cut out along F n Sq and becomes a properly 
embedded surface, F', in 5 x [0,1] such that F' n (5 x {0}) = (t){F' n {S x {1})) and 
F' n {dS X [0, 1]) = (F n dSo) X [0, 1]. 

In this manner, now we visualize an overtwisted disc D embedded in (^4,^^^) as in the 
left sketch of Figure [T2j The right sketch depicts the sections of D by five fibers. We see 
that the multi-curve D f] {A x {1}) in the top annulus is identified with D f] {A x {0}) in 
the bottom under the monodromy . The right sketch also shows that the open book 




Figure 12. Example 13.131 An overtwisted disc in an annulus open book {A,T^ ). 

foliation J^ob{D) contains two positive hyperbolic points, one positive elliptic point and one 
negative elliptic point. See Figure [13] for the entire picture of Fob{D). 
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Figure 13. Example 13.131 The open book foliation Tob{D). 

4. Open book foliation vs. characteristic foliation 

Let J'^i^') denote the characteristic foliation of a surface S embedded in (M, ^). In this 
section, we compare the open book foliation and the characteristic foliation. 

Theorem 4.1 (Structural stability theorem). Assume that a surface S in {S,4>) admits 
the open book foliation 7o6(S). Then there exists a surface S' a -small perturbation ofT, 
fixing the boundary dT, pointwise such that e±(7^ob(S')) = e±{J-^{T,')) and h±{J^obi'^')) = 

Moreover, if J^o^iT,) contains no c-circles, then we may choose T,' so that and 
J-^{Ti') are topologically conjugate, namely there exists a foliation preserving homeomor- 
phism of Tj' , and that S' is a convex surface. 

Proof. Following the Thurston- Winkelenkemper construction [1^, p. 152] of a contact 
structure compatible with the open book {S,(f>), we may assume that, away from the 
bindings, our contact 1-form is written as a = Pt + Cdt where C S> 1 is a sufficiently large 
constant number and {fit} is a smooth family of 1-forms on the pages St such that the 
differential d(5t is an area form of St of total area 27r and /3i = (j)* I3q. 

Let p € Int(E) be a non-singular point in TobiX')- Take a small open 3-ball neighborhood 
U C M of p so that Tob{U n S) has no singularity. We choose a coordinates {x,y,t) for 
U such that t is the coordinate for the interval [0,1] of the open book, p = (0,0,0), and 
[/ n S = {{x,y,t)\t = y}. Note that Fob{U fl S) is induced by the constant vector field dx- 
Suppose that the contact plane at a point p = (x, y,t) £ U is given by 

(4.1) = span(9^ + f{q)dt, dy + g{q)dt)R. 

Then we have = ag(9,+/((?)90 = (3g{dx)+C f{q) and = a{dy+g{q)dt) = (3gidy)+Cg{q), 
hence f{q) = -I3q{dx)/C and g{q) = -f3g{dy)/C. That is, 

(4.2) ^g = -C{f{q)dx + g{q)dy). 

The assumption C ^ 1 implies that \g\ <^ 1. Hence the normals = (1,0, /) x (0, l,g) = 
(— /, — 5, 1) for and = (0,-1,1) for T^S are not parallel, i.e., the point q is not a 
singularity of -F^(S). 
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Let p £ /ofe(S) be a positive hyperbolic point. (For the negative case, a parallel argument 
holds.) Take a small open 3-ball neighborhood U C M oi p so that p is the only singularity 
in J^oh([/nS). We choose coordinates {x,y,t) for U where t comes from the open book and 
U is the unit ball with center p = (0, 0, 0). By a C^-small perturbation of S that preserve 
the topological structure of /'ob(S), we may assume that f/ n S satisfies the equation 

F{x,y,t) := t - xy\y\ = 0. 

The leaves of Fob{U n S) are the flow lines of the vector field 

Xob{x,y) = 2xdx - ydy. 

Note that the divergence at the singularity is div(Xofc)(0) = 2 — 1 = 1>0. 

For each point g G f/nS, we assume (j4.ip . hence (j4.2p . again. Moreover, we may choose 
the 1-form /3g so that 

y + 1 .X -x + l 



(4.3) 



9iQ) 



C2 ' C2 ■ 

jq is nowhere vanishing on [/ n S and dPq 



~ c 
VF 



2 dxdy 



In particular, /3, 

("/('Z)) "5(9)) 1) ^ positive normal vector for S^q, and ns 
positive normal for TqS. Since C ^ 1, there is a unique solution qq 
for the equation = ns, i.e., 

{f{qo),g{qo)) = (yo|2/o|,2xo|yo|)- 

then {f{qo),g{qo)) = (0,0) and /3g„ 



> 0. Let = 

y\y\,-'^x\y\,i) a 



a^o,yo,io) G ?7 n S 



by 



This implies that yQ ^ 0. For, if yo 
which is a contradiction. 

Next we find a vector field X^(x,y) whose fiow lines yield the characteristic foliation 
J^^(f7 n S). The vector x ns = (—51 + 2x|y|, / — |y|(2a;/ — 2/(7)) is tangent to the 
flow lines. Let 

x^ix, y) = (-^ + 2x)d. + - y'^^y 

Since yo 7^ 0, we can take a small open disk neighborhood U' <Z {t = 0} of (xo,yo) that 
does not contain (0,0). Then X^(x,y) is defined on U' . Clearly, X^(go) = 0. The Jacobian 
matrix of X^ is the following: 



-idg ,0 
ax 

|y| dx 



_g 

y\y\ lyldy 

y\y\ \y\ dy 



K3i 



+ 2 



-x+l 



y+l , 1 



This shows that (70 is a hyperbolic 



Since C » 1, at (2:0,2/0) it is approximated to 
point of J-'^(S). Moreover we have 

divX5((/o) ~divXob(0) = 1 >0, 

i.e., the sign of is positive. 

Suppose p € Int(S) is an elliptic point of sign e. This means that at p a binding 
component, say 7, transversely intersects S with sign e. Take a disc neighborhood D C S 
of p whose open book foliation J^ob{D) contains no other singularities. By the standard 



OPEN BOOK FOLIATION 



17 



neighborhood theorem of transverse knots (see [241 p. 76] for example), 7 has a tubular 
neighborhood with cylindrical coordinates (r, t, z) so that a = dz + r'^dt. We push down 
by a finger a very small neighborhood Dq d D ol p along 7 without touching other part 
of the surface S. See Figure [TH This can be done by a C^-small perturbation preserving 




Figure 14. 



J-'ob(S). By the symmetry with respect to 7 of the pushed Dq and a, in the characteristic 
foliation T^{Dq), the new p is also an elliptic point with the same sign e. 

The above argument concludes: e±(Job(S)) = e±(-F^(S)) and h±{Foi,{Tj)) = h±{F^{T?)). 

For the second assertion, we observe that the open book foliation TobiX') of Morse- 
Smale if J-^biX') c-circles. Due to Peixoto, Morse-Smale vector fields are structurally 

stable [Ml p. 172]. Since the above argument shows that we may choose S' so that 
is sufficiently C^-close to J^o6(S), Peixoto's theorem implies that J^g(S') is topologically 
conjugate to J-'of,(S). By |2H Lemma 2.1] S' is convex. □ 

Remark 4.2. Proof of Theorem 14.11 shows that the open book foliation and the charac- 
teristic foliation may coincide, especially when there is no c-circles in T^b- It is interesting 
to compare the open book foliation and the characteristic foliations (on convex surfaces). 

• For a given closed surface -F, we can always find a convex surface Fcv that is 
isotopic and C°°-close to F. However, in general, there may not exist a surface 
that is C^-close to F and admitting an open book foliation. 

• The dividing set F of a convex surface F encodes essential information of local 
contact structure near F. It defines a decomposition F \ T = F_|_ U F_ of F. If 
Fob{F) has no c-circles then the region r_ is homotopy equivalent to our negativity 
graph 

• In the characteristic foliation on a convex surface, any closed leaf is either repelling 
or attracting, and there is no type ac-, be- and cc-hyperbolic singularities (cf. Fig- 
ure Ej) due to the Morse-Smale condition (cf. [Ml P-171]). On the other hand, a 
neighborhood of a c-circle in an open book foliation is foliated by parallel c-circles. 

• In the theory of convex surfaces, Giroux elimination lemma allows us to remove a 
pair of elliptic and hyperbolic singularities of the same sign by an arbitrary C^- 
small isotopy. Suppose that FobiX') = (topologically conjugate) and that 
F^{T,) admits Giroux elimination to be deformed into J^t. However in general, F^, 
is not realizable as an open book foliation even with local perturbation of S. For 
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the open book foliations, removing singular points is much more subtle. We will 
discuss this issue in the subsequent paper [33] , 

5. The self linking number 

Using Pavelescu's theorem [43], we can identify a transverse link in (M, ^) with a closed 
braid in a compatible open book {S,(j)). The goal of this section (Theorem I5.4p is to 
obtain a self-linking number formula for closed braids by constructing Seifert surfaces and 
counting the singularities in their open book foliations. Our formula contains a somewhat 
mysterious function c : MCG(5', dS) x Hi{S; dS) — )■ Z. After careful study of the function 
c we see in Theorem 15.171 that c is related to the first Johnson-Morita homomorphism, 
which is well-studied in mapping class group theory. 

5.1. Self-linking number formula for braids. 

By Theorem 14.11 along with the self-linking number formula in terms of the characteristic 
foliation, see [24t p. 203] for example, we obtain the following formula in terms of our open 
book foliation: 

Proposition 5.1. Suppose that F C Af(5^^) is a surface admitting an open book foliation 
Fob- In particular, dF is a transverse link in (M^^-,^), ^(^-j^)). Let e±,h± be integers as 
defined in Definition \3. 7| . Then 

slidF, [F]) = -(e(0, [F]) = -(e+ - e_) + - h^). 

To state Theorem 15. 4^ we fix notations and conventions: Let S = Sg^r be an oriented 
genus g surface with r boundary components 7i, • • • ,7r. The orientation of ji is induced 
from that of S. Let b be an n-stranded braid in 5x [0, 1] with bnSi = bnSo = {xi, . . . , C 
S. By braid isotopy, we may assume that points xi,. . . ,Xn are lined up in this oder on 
an arc parallel to and very close to 71. The arc {xi} x [0, 1] is called the i-th braid strand 
in 5 X [0, 1]. We define oriented loops, pi C S {i = 1, . . . ,2g + r — 1) with the base point 
Xn as in Figure [15] and view them as generators of braids in S" x [0, 1]. Let ai denote the 




Figure 15. Surface S. 
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positive half twist of the i-th and the {i + l)-th braid strands. 

As a consequence of Birman exact sequence [2] , the braid b is represented by a braid word 
bl^b2^ • • •b'j' (read from the left) where bi S {pi, . . . , p2g+r-i, . . . , cTn-i} and Ei € Z\ {0}. 
Fix a diffeomorphism <j) G Aut{S, dS). Since Xi is near 71 C dS, we have (f){xi) = Xi and 
identify {xi\ x {1} and {xi\ x {0} under (f) that yields a closed braid b in M(^s,<f>)- We 
assume that 6 is null-homologous in the rest of the section. 

Claim 5.2. Put [b] = Yl\=i ^ Hi{S; Z), where we set [cj^] = for k = 1, ■ ■ ■ ,n — 1. 
Then there exists (not necessarily uniquely) a homology class a € Hi{S,dS;'Z) such that 
[b] = a — 0* (a) in Hi {S; Z) . 

Proof. The homology group of the manifold has been computed by Etnyre-Ozbagci 

[231 p.3136]: 

HiiM^S,^y,Z) = {[pi],...,[p2g+r-i] I =0, i = l,--- ,2g + r-l), 

where 

/ _ J a properly embedded arc from 70 to 7^ and dual to pi, for i = l,...,r — 1, 
I p.j , for i = r, . . . , 2g( + r — 1 . 

Though is an arc for i = 1, . . . , r — 1, since (/> = id on dS, we can view p[ U <p{—p'j) as a 
(possibly non-simple) oriented loop in Int(S'). Then we consider [/)•] — (/'*[/oJ] as an element 
of Hi{S; Z) representing the loop p'^ U 4>{—p'j). 

Since [6] = in Hi{M; Z), there exist Si £ Z for i = l,...,2(7 + r — 1, such that 

2g+r-l 

[b]= E ^*([/''.]-<^*[P^]) in HiiS;Z). 

i=l 

Hence if we put a = Yll^^"^ ^Ap'i]^ under the identification [p-] — (p^lp'j} = [p^ U 4'{—p'j)], 
we have [b] = a — (p^.{a). □ 

Definition 5.3. For homology classes [ai] € Hi{S,dS;Z) and [02] € i^i(5;Z) we denote 
the algebraic intersection number by [ai] • [02] £ Z. It counts the transverse intersections 
of representatives ai and 02 algebraically in the way described in Figure [161 For example, 
we have [p'l] • [pi] = 1 and [pr] • [pr+i] = 1- 




Figure 16. Algebraic intersection number [ai] ■ [02]. 
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Theorem 5.4 (Self linking number formula). Let [b] G Hi{S;Z) and b be as above. Let 
a G Hi{S,dS]'L) be a homology class such that \b] = a — (t)>t{a) in Hi{S]'L). For a choice 
of a, there exists a Seifert surface T, for b such that the self-linking number is given by the 
formula: 

(5.1) sl{b, [S]) = -n + e5p(6) - 0*(a) • [b] + c((^, a), 

where 

I 

e^{b) = ^ei- EiEj [bj] ■ [b,] 

and 

c : MCG(5, dS) x Hi{S, dS; Z) ^ Z 

is a function. 

Remark 5.5. An explicit description of the function c will be given in Theorem 15. 171 The 
formula ()5.ip is a generalization of Bennequin's self linking formula of braids in the open 
book {D'^,id) [l], and it also generalizes the works in [36] and |37j . 

Assume that S = D^. Then exp is equal to the usual exponent sum, exp : Bn — >• Z, 
for Artin braid group and [b] ■ (j)^{a) = c{(p,a) = 0. Thus our formula (15. ip is just 
Bennequin's self linking formula 

sl{b) = —n + exp(6). 

With more elaborate investigation of the function c we will deduce the self-linking number 
formulae of [36], [37] in Section [STSl below. 

Proof. For each i = 1, . . . , n, take a point yi on the binding 70 near Xi so that yi, ■ ■ ■ ,yn 
lined up in this order with respect to the orientation of 70, see Figure [T5l Choose a properly 
embedded arc Vi from Xi to yi that contained in a small collar neighborhood of 70 so that 
4){vi) = Vi. We require that vi, . . . , w„ are mutually disjoint. 

To introduce 1-submanifolds Aq, A1/2, Ai C S, we divide the surface S by walls (dashed 
arcs in Figure [TSl) into g + r — 1 chambers so that g of which are once-punctured tori and 
r — 1 of which are annuli. 

Let Ai be the set of oriented curves 

Ai=viU---UVnU N{a) 

such that 

(1) [Ai] = [N{a)] = a in Hi{S,dS;Z). 

(2) Ai is properly embedded in S. 

(3) N(a) does not intersect the walls. 

(4) Any subset of N{a) has non-trivial homology in Hi{S,dS;Z). In other words, the 
component of Ai in a torus (resp. an annulus) chamber is a torus knot or link 
(resp. a set of parallel arcs joining 71 and 7^) and oriented in the same direction. 
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For example, if a = Yli^^ ^ ^iip'il ™ the proof of Claim [5T2l then we can put N{a) 



[JiS^~^ ^iP'i wnere Sip^ means 
intersections are smoothed. 

Similarly, let ^1/2 be the set of oriented curves 

Ai/2 =viU---UVnUN{^^a) 

b^a in Hi{S^dS;'L) and parallel conditions to the above 



\si\ parallel copies of the curve p[ (resp. —p'i) and the 



Unlike Aq or ^1/2 > this ^0 possibly intersects the walls. 



such that [^1/2] = [N{(j)^a)] = 
(2)-(4) are satisfied. 

Lastly, we define Aq = (^{Ai] 
In short, we have in Hi{S, dS; 2 

[Ai] = a, and [A1/2] = [Aq] 

Now we construct an oriented surface T,^ embedded in 5 x [0, 1/2] with n = ^1/2 
and S* n 5o = — ^o- Let w be one of the walls. Since [^1/2] = [^0] and A1/2 does not 
intersect w, the algebraic intersection number [Aq] ■ w = 0. We take a collar neighborhood 
^{w) C S of w so that each component of i'{'w) D Aq has geometric intersection number 1 
with w. Arcs in 1/(10) D Aq may have inconsistent orientations. As 4 € [0,1/2] increases, 
as depicted in Figure [T71 we apply the configuration changes to consecutive pairs of arcs 



w 



w 



><:-^ic 



w 



w 



w 



w 



Figure 17. Configuration change of v{w) PI Aq. 



in v{w) n ^0 with opposite orientations, until we remove all the arcs in v{w) H ^o- Each 
configuration change introduces a new hyperbolic singularity. We repeat the procedure for 
all the walls. The deformed Aq, which we denote Aq, no longer intersects the walls. 

As bi-products, null-homologous sets of c-circles may be created, which we remove by 
the following three steps. 

(Step 1): If there exist c-circles bounding concentric discs in a chamber H of S 
and oriented in the same direction, then we remove them from the outermost one. 
We can find a description arc of a hyperbolic point (cf. Figure [3|) that joins the 
outermost c-circle and some curve in Aq nff and properly embedded m. H\A'q. As 
shown in the top row of Figure [TBI a hyperbolic singularity is introduced, then the 
c-circle disappears. The sign of the hyperbolic singularity is -|- if and only if the 
c-circle is oriented clockwise. 
(Step 2): If there is a pair of c-circles with opposite orientations that bounds an 
annulus in 5 \ Aq, then remove the pair by introducing a hyperbolic singularity, of 
sign e, between the two c-circles as in Figure [181 The resulting c-circle bounds a disc 
that can be removed by Step 1 with the expense of another hyperbolic singularity 
of sign —e. 
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Figure 18. Step 1 (top) and Step 2 (bottom) 

(Step 3): Let H he a once-punctured torus chamber of S separated by the walls. 
After Steps 1, 2, above, A'q D H is a union of some {p,q) torus link and r many 
c-circles parallel to the boundary of H and oriented in the same direction. As in 
Figure [191 we remove the r many c-circles by introducing r many hyperbolic points 
of the same sign, which depends on the signs of p, q and the orientation of the 
boundary parallel c-circles. 




Figure 19. Step 3. Remove boundary parallel null-homologous c-circles 
by configuration changes along the dashed arcs. 



After applying Steps 1-3 to ^q, no subset of A'q is null- homologous, hence it has been 
deformed to ^1/2 C 81/2, up to isotopy. This yields the desired surface S^,. Let c(0, a, S*) 
be the value /i+ — /i_ for the surface S^,. 

Claim 5.6. The function c{(j),a,T,^:) is indeed independent of the choice of configuration 
changes to ^{w) fl ^0 f^nd how we apply Steps 1-3, that is, the construction of the surface 
S*. Hence it justifies to rewrite it as c{(t),a). 
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Proof. Let us take another sequence of configuration changes which determines another 
surface, say S'^. We consider — S'^ embedded in 5 x [1/2, 1]. Then a ± hyperbolic singular 
point in Toh{T,'^) turns to a =F hyperbolic point in Toh{ — T,'^,) 

We glue and — S'^ at the page S1/2 and obtain a surface F' in S x [0,1]. Since 
F'nSi= (j){Ai) = -{F' nSo), we can further identify F' n 5*1 and F' n 5'o by the identity 
map that defines a surface F embedded in the open book {S,id). Then F is a disjoint 
union of n discs pierced by the binding 71 and the rest of the components, which we denote 
F*. In particular, all the hyperbolic singularities in Fob{F) belong to and 

(5.2) h+{Fob{F,)) - h.{Fob{F.)) = c{(t>, a, S,) - c{cP, a, S'J. 

In the course of constructing above, no new elliptic points are introduced and all the 
elliptic points in TohiF^) correspond to the endpoints of some (i = 1, . . . , r — 1). Since 
each pair contributes elliptic points of opposite sign, 

(5.3) e+iFob{F,)) = e.{TobiF*)). 

Let be the contact structure supported by the open book {S,id). Since the Euler 
class of ^iii is equal to zero, by Proposition 15. H (|5.2p and (j5.3p . 

= (e(e,d), [F,]) = -c{(^, a, S,) + ci^, a, S'J. 

This concludes the statement of the claim. □ 

We continue proving Theorem 15.41 

The next goal is to construct an oriented surface S*^, embedded in 5 x [1/2,1] with 
S** n Si = Ai and S^,* H 5i/2 = —^1/2- Recall that b is represented by the braid word 
bl^ ■■■ b^' . Let li = [^^, ^] then [1/2, 1] = Ii U • • • U//. We will build an oriented surface 
Sj embedded in S x Ii inductively from f = 1 to / such that 

(1) Si n Si/2 = -A/2 and n 5i = Ai, 

(2) Ej n S(^i+iy2l = -C^i+l n S(ij^iy2l) ='■ \l+i)/2U 

(3) ^(z+i)/2Z is properly embedded in <S'(;_|_j)/2« and does not intersect the walls, 

(4) ^(/+j)/2i contains ui U • • • U i;„, and any subset of ^(;+j)/2i \ (i^i U • • • U Vn) has 
non-trivial homology in Hi{S, dS), 

(5) n (5 X Int(/0) = bl% so [A^i+iy2i] = [^1/2] + ei[^'i] + • • • + eiM in Hi{S,dS). 
Then eventually we will define T^,^ = Si U • • • U S^. 

Suppose that we have constructed Si, ... , Si_i satisfying the above conditions. 

(Case 1) If the braid word 6j = ak, then as t & Ii increases, apply the deformation of the 
graph ^(;_|_j_i)/2Z) as in the passage of Figure \20\ for \ei\ times that takes place in a small 
neighborhood of Vk and Vk+i- We call the trace of the graph Sj, which satisfies the above 
conditions. It has |ej| hyperbolic singularities of sgn(ej). 

(Case 2-1) Suppose that bi = pk and = 1. Let H be the chamber that pk belongs to. 

Assume that r<A:<2g'-|-r — Iso that H is a torus with connected boundary. For 
simplicity, put u = ^(i+i_i)/2i- By conditions (3), (4) above, we may assume that uCiH 
is some (p, g)-torus link. As t & Ii increases, move the point Xn along pk- See Figure [211 
To come back to the original position, Xn has to traverse u, which yields p = [u] ■ [p^] 
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Figure 20. (Case 1) Deformation of graph Vk U Vk+i corresponding to ak 
(top) and (T^^ (bottom). 




Figure 21. Construction of surface Sj when 6^' = pk (case 2-1). 



many negative (=— sgn(ej)) hyperbolic points. Moreover, the last step (Sketch (4)) adds 
one more hyperbolic singularity of positive (= sgn(ej)) sign. This defines the surface Sj in 
S X li. In summary, the value /i+ — /i_ increases by 

sgn(ei) • 1 - [n] • [pk] 

and the class [u] € Hi{S,dS) is replaced by [u] + [pk] (compare Sketches (1) and (4)). No 
circle bounding a disc in S has been created. 

When k = 1, . . . ,r — 1 (i.e., the chamber H is an annulus) a parallel argument holds and 
the value /i+ — h- increases by sgn(ej) • 1 — [n] • [pk]- The only difference is that [pk] = 
in Hi{S, dS), which causes no effect for the rest of the arguments. 
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(Case 2-2) If bi = pk and £i ^ 1,0, repeat the above construction |ej| times. Since 
([u] + [pk]) ■ [Pk] = M ■ [Pk\-, the total change in /i+ — /i_ is 

(5) 

(5.4) £i - £i[u] ■ [pk] = £i- ei{[Ai/2] + ei[bi] H h £i-i[bi^i]) ■ [h] 

i-l 

i=i 

After constructing Si, . . . , S;, we glue them and obtain the desired surface S**, which 
contributes to the algebraic count of the hyperbolic singularities by 

I I i-l 

i=l i=l j=l 

Finally, we glue and S** by the identifications n S1/2 = — (S** n S1/2) and — (S* n 
'S'o) = 0(S** n ^i), which yields a Seifert surface S for b. By the construction, it is clear 
that yi, . . . ,y„ G 70 are positive elliptic points and the end points of arc p[ are elliptic 
points with distinct signs. By Proposition 15. H we obtain our self linking formula (j5.ip . □ 

5.2. Properties of the function c. 

In this section we study the mysterious function c{(j),a) where (j) G MCG{S,dS) and a € 
Hi(S,dS), that appears our self linking number formula (j5.ip . 

We first introduce various notions. A homology class a € Hi{S,dS) is represented by a 
properly embedded oriented simple closed curves and arcs in S. Among such multi-curve 
representatives of a, we take a special one. A, which satisfies the following conditions: 

• A does not intersect the walls. 

• Any subset of A has non-trivial homology in H{S, dS), i.e., the component of A in 
a torus (resp. an annulus) chamber is a torus knot or link (resp. a set of parallel 
arcs joining 71 and 7j)and oriented in the same direction. 

Clearly, such a representative A is uniquely determined up to isotopy, called the normal 
form of the homology class a, and is denoted by N(a). 

Definition 5.7. Let A and A' be multi-curve sets on S which represent the same homology 
class in a € Hi{S,dS). An open book foliation cobordism {OB cobordism, in short) between 

A and A', denoted by ^4 ^ A', is a properly embedded oriented compact surface S in 
Int(5') X [0, 1] such that: 

• 5S = -AUA'. 

• S n 5o = -yl and S n 5i = A'. 

• The fibration {S^j^gjo^ij induces a foliation J^s on S all of which singularities are 
of hyperbolic. 

As we have seen, in the proof of Theorem 15.41 there is an OB cobordism A A^(a) 
for any multi-curve representative ^4 of a. This implies that if two multi-curves A and A' 

represent the same homology class, then there exists an OB cobordism A ^ A' . 
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For A ^ A' , we define the integer d{T,) as the value — h-{T^), where 

(resp. denotes the number of the positive (resp. negative) hyperbohc singular 

points of J-Y.- As Claim [5161 shows. does not depend on the choice of T, and but it 

only depends on the representatives A and A' . Thus, we may denote d{A, A') = d{T,). 

With these notions, our function c in Theorem 15.41 is described as follows. Let 4> G 
MCG{S,dS) and a G Hi{S,dS), then 

c((/),a) = d{(l)N{a),N{4>^a)). 

Note, in general, the multi-curves cj){N{a)) may not be isotopic to N{(f)^{a)). 

If (p(N{a)) is isotopic to N((j)^:{a)), then we may choose OB cobordism S so that it has 
no hyperbolic singular points, hence c{(j), a) = 0. We call such an OB cobordism trivial 

We observe the following properties of the function c. 

Proposition 5.8. Let 0, V G MCG{S,dS) and a,a' € Hi{S,dS). We have: 

(1) c{4>, a + a') = c{(f>, a) + c{(f>, a') . 

(2) c(V'(/',a) = c((/>,a) + c(V',<^*(a)). 

(3) Let C he a simple closed curve which does not intersect the walls. Let Tc denote 
the right-handed Dehn twist along C . We have c{Tc, a) = for any a € Hi{S, dS). 

(4) Let C be a simple closed curve in S such that a ■ [C] = 0. Then c{Tc, a) = 0. 
In particular, (1) and (2) imply that the function c induces a crossed homomorphism 

C : MCG{S,dS) }iom{Hi{S,dS),Z) ~ H\S;Z); (f>^c{4>,-). 

Proof. First we prove (1). Let (j)N{a) — )• N{c|)^,a) and (j)N{a') N{(j)^,a') be OB cobordisms. 
We place the surfaces S and S' so that 

• (l)N{a) and (j)N{a') in 5*0 have the minimal geometric intersection, and 

• N{(j)^,a) and N{(f)^,a') in Si have the minimal geometric intersection. 

Since is a diffeomorphism fixing the boundary point-wise, N{a) and N{a') have the 
minimal geometric intersection. 

Let H d She one of the once-punctured torus chambers. Then HnN{a) and HnN(a') 
are torus links. Suppose that Hr\N{a) is the (p, g)-torus link and Hr\N{a') is the {p',q')- 
torus link. Hence Hr\N{a + a') is the ip+p', g+Q')-torus link. We resolve the double points 
oi H f] (iV(a) U N{a')) as shown in Figure [22] and call the resulting set of curves Aj{ a,a'- 
Note that [AH,a,a'] = [HnN{a + a')] in Hi{S,dS). We compare A^.a.a' and H n N{a + a'): 

x-x 

Figure 22. Smoothing intersections. 
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(i) Suppose that (sgn(p),sgn(g)) = (-sgn(p'), -sgn(g'))- '^et n = mm{\p\,\q\,\p'\,\q'\}. 
Then A^^a.a' is a disjoint union of HnN{a+a'), n many circles bounding concentric 
discs oriented counterclockwise, and n many those clockwise. Remove the circles 
as Figure [TSl which yields n many negative and n many positive hyperbolic points. 
Hence we obtain an OB cobordism 

Hr\N{a + a') ^'l^-' AH,a,a' 

with d{T,H,a,a') = n — n = 0. 

(ii) Suppose that (sgn(p), sgn(q)) ^ (— sgn(p'), —sgii{q')). In this case, we have AH,a,a' = 

Hr\N{a + a'). Hence we obtain a trivial OB cobordism if nA^(a + a') — ^H,a,a' 
with d{J:H,a,a') = 0. 

Next let H G S be the k-th annulus chamber. Recall the properly embedded path 
p'f^ C H joining the boundary circles 71 and 7^ (cf. Figure [T5]) . We may suppose that 
H n N{a) = np'j^ and H n N{a') = n' p'^. Then H n N{a + a') = (n + n')p'^. 

(iii) If sgn(n) = sgn(nO, let An^a^a' ■= {H n N{a)) U (if n N{a')). Then AH,a,a' = 
H r]N{a + a'). Again we obtain a trivial OB cobordism H nN{a + a') —4 A}{.a,a' 

with d{T.H,a,a') = 0. 

(iv) If sgn(n) 7^ sgii(n'), join A^(a) and N{a') by description arcs from the innermost 
pairs of p^. and —p'/^ to introduce m = min{|n|, |n'|} many hyperbolic singularities 
of the same sign = e. See Figure [23l Call the resulting set of curves Ah a a'- Then 

a^a' is the disjoint union of H N{a-\- a^) and null-homologous nested arcs. This 

yields an OB cobordism H n N{a + a') — Ai{^a,a' with diT^H^a.a') = ^"i. 




Figure 23. Case (iv). (Left) Curves N{a)UN{a'). (Right) AH,a,a'- 

Let 

^0 = <^( U ^w), 5^0 = (</> X id)( y 
ires' H(zs 
where the disjoint unions are taken for all the g + r — 1 many chambers H in 5. Now we 
obtain an OB cobordism 

(t)N{a + a) ^ Aq with d(So) = ^ d(S//,a,a')- 

H 
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We repeat the arguments parallel to (i)-(iv) by replacing a by (p^a and a' by (j)^a' . 
Namely, for each chamber H we construct a set of curves AH^^^a,<f>,a' from H n {N{(f)^,a) U 
N{(j)^a')) and an OB cobordism 

AH,^,a,^.a' ^"•t^"*-' H n iV(<A*(a + a')). 

Let 

^1 = |_| AH^4,^a,(l>,a' , ^1 ~ |_| ^H,</.*a,</>*a'5 

H(ZS HCS 

then we obtain an OB cobordism 

Ai ^ NiMa + a')) with = ^ ^(Sh,,^,,,,^,,,)- 

Claim 5.9. We have d{Ei) = -d(Eo). 

Proof. For cases (i, ii, iii), we have d{T,j{^^_^a,(i>,a') = 0. For case (iv), i.e., H is the A;-th 
annulus chamber, since (j) =id near dS, we have H fi A^((/>^,a) = H N{a) = np'^ and 
n A^((/>*o') = H n N{a') = n'p'j^. Therefore, the OB cobordism TiH,tj)^a,<j>^a' is given by 
the reverse direction as depicted in Figure [23l Recalling that d{TiH,a,a') = ^nT-, we have 
d{T,H,(f),a,cf>^.a') = —em. This concludes the claim. □ 

E+ 

Next we construct an OB cobordism ~^ ^i- To this end, we recall that the surfaces 
S and S' are obtained by sequence of configuration changes (cf. Figure [T7|) . In general, a 
description arc, 6, of a hyperbolic singularity for, say S, may intersect S' as shown in the 
top left sketch of Figure [24l where the black arc (resp. red arcs) belongs to S (resp. S') 
and the dashed arc indicates a description arc. By isotopy, we make 5,T,,T,' have no triple 
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Figure 24. Modification of configuration changes. 

intersection points and 6 and S' attain the minimal geometric intersection. We project S 
to the diagram of then split the projected 5 into several description arcs for as in 
the left bottom sketch of Figure [Ml Let po, - ' ' i Pfc be the consecutive points of 5 fl Aq. We 
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split 6 into k arcs Si, - ■ ■ ,5k so that 5i joins pi-i and pi. If the normals at pi-i and j>j are 
pointing the same direction, then we discard 6i. The set of surviving 6iS replace the original 
S and serve as description arcs for Aq. If the sign of original 5 is e, then the algebraic count 
of the replacing ^^s is also e. This modification of configuration changes yields an OB 

cobordism Aq ^ Ai. By the construction of S+, we have = d{T,) + (i(Il'). 

Finally we obtain OB cobordisms 

^Nia + a') ^Ao^Ai^ N{Ma + «'))■ 

By Claim ESI 

c{^, a + a') = d(So) + + = + (i(S') = c((/), a) + c((/), a ). 

We proceed to show (2). Let (j)N{a) A^((/>*(a)) be an OB cobordism. Extend tp € 
MCG(S', dS) to a diffeomorphism z/; = ?/; x id : 5 x [0, 1] — ;> 5 x [0, 1] and we obtain an OB 

cobordism ^(l){N{a)) 'tlj{N{(j)^{a))). Now let us take an OB cobordism i/;(A^((/)*(a))) 

N{\l)^4>^{a)). Gluing -02 and O, we obtain an OB cobordism -(/'(^(-/VCo)) N{'il)^(p^{a)). 
Since ip preserves the signs and the number of hyperbolic singularities, d{T,) = d^tpT,). This 
yields the desired equation. 

To see (3), we observe that if a simple closed curve C does not intersect the walls, then 
Tc{N{a)) is in the normal form for any a G Hi{S,dS), i.e., Tc{N{a)) = N{Tca). Consider 

the product S = Tc{N{a)) x / which yields the trivial OB cobordism Tc{N{a)) 4 N(Tca). 
Since the foliation is trivial, c{Tc, a) = 0. 

Finally, we prove (4). We construct an OB cobordism TcN{a) — t- N{a) = N{Tca) 
with d{TcN{a),N{a)) = as follows. Since [C] ■ [TcN{a)] = [C] ■ a = 0, by applying 
the configuration changes, described in Figure \T7\ to a portion of the multi-curve TcN[a) 
that lives in a small collar neighborhood of C, we can modify TcN{a) so that it is disjoint 
from C. For example, the left sketch in Figure [25] depicts the case when the geometric 




Figure 25. Untwisting multi-curve TcN{a) (left) to obtain N{a) (right). 

intersection number i{TcN{a),C) = 2, where the red arcs indicate description arcs for 
hyperbolic singularities. Suppose that the sign of the hyperbolic singularity corresponding 
to the configuration change is e. Next, we add a description arc of sign —e to the deformed 
TcN[a) (cf. the middle sketch) so that the corresponding configuration change yields the 
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multi-curve N{a) (cf. the right sketch). This defines an OB cobordism TcN{a) N{a) 
which satisfies d{Tc N [a) , N {a)) = 0. 

When the geometric intersection number is grater than 2, a similar construction applies. 
Especially the sum of the total algebraic count of the signs in the first operation and the 
second operation is 0. □ 

5.3. The function c: Planar surface case. 

In this section, we study the function c for the case when S = So^r a planar surface with r 
boundary components. We adopt the same notations in Section [5. II The next proposition 
essentially has been proved in [37j, by direct analysis of the OB cobordism (though this 
terminology is not explicitly used). Based on the fact that c is a crossed homomorphism, 
here we can give more detailed expression of c. 

Recall the arcs p'j and loops pj {j = 1, . . . ,r — 1) specified in Figure [TSl Under Poincare 

duality Hi{S,dS;Z) ~ H^{S;Z); [p'j] i-^ PD[p'j], we may view as a basis of 

H^{S). Let (•,•) denote the natural pairing of cohomology and homology. Then we have 
{[Pi]: [Pj]) — \p'i\ ' \P3\ — Kronecker delta. 

Proposition 5.10. Let S = 5*0, r be the planar surface with r boundary components. For 
a € Hi{S, dS; Z) the function c is characterized by the following: 

r— 1 r— 1 

(5.5) c{^,a) = 5]([p^,],</.*a - a) - ^^(a, [p,]){[p'j],Mp'j] " [p'j]) 

i=i j=i 

where (j)^:a — a and (j)*[p'i\ — [p'i\ are regarded as elements of Hi{S\'L). 

Moreover, let {iij}i<i,j<r~i be the matrix with [p'^\ — = l^j=i o-^d suppose 

that a = 2;j[/0j]- Then we can restate ()5.5p as follows. 

(5.6) c(0,a) = -^Xj ^ tj^i 

Remark 5.11. For planar case, Proposition 15.101 shows that our function c is completely 
determined by the homological data, namely, the map (f)^ — id : Hi{S, dS) — )• Hi{S). 

Proof. For j = 1, - ■ ■ , r — 1, we have 

(5.7) c{<P,[p'j])= E {Wi\^Mp'j]-[P,]) 

l<i<r— 1, iy^j 

by the following reasons. 

We recall that c{(j), [p'j]) counts algebraically the hyperbolic singularities produced by the 
configuration changes (cf. Figure [T7|) of the multi-curve (j){p'j) where it crosses the walls. 
We write as a product of special type of Dehn twists, that are used in (37j and denoted 
by Ak^ijAm there. We observe that a ± Dehn twist that involves the i-th and j-th bindings 

{i ^ j) contributes ±1 hyperbolic singularity for the OB cobordism (l){p'j) ~^ ^{(f'Ap'j])- 
But a Dehn twist around a single binding for any k = 1, . . . ,r — 1, does not contribute 
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any hyperbolic singularity to the OB cobordism. Since the quantity ([p^], 0*[Pj] — [p^]) 
counts algebraically the number of circles in N{(f)^:[p'j]) around the binding 7^, equation 
(f577l) follows. 

Recall that {[pi] G Hi{S)Y-~l is the dual basis of {[p'^ G Hi{S,dS)}l~l . Thus, we may 
express a G Hi{S,dS) ~ H^{S) as: a = ^j{a,[pj])[p'j]- By the crossed homomorphism 
property of the function c (Proposition 15. Sp . we can deduce (15. 5p as follows: 

c(<^,a) = Y{a,[pj])4(l>,[p'j]) 
3 

= E'^t^^]''^*" - a) - E(a' [pj]){[p'j]^Mpj] - [p'j])- 

i j 

Now plugging the relation [p'A — (p*[p'j] = Yll=i ^j,i[Pi\ *° (|5.7p we obtain 



(5.8) c(0, [/.;.]) = - E *J 

l<i<r— 1, ij^j 

Linearly extending ()5.8p to a general element a = [p^] we obtain ()5.6p . □ 

Remark 5.12. Since Mp'j] = [p'j] e Hi{S,dS), we have c{'^,Mp'j]) = c(V', [Pj])- There- 
fore, when S is planar the property (2) in Proposition 15.81 can be restated as 

c(M [/>;•]) = c(,/., [p'^]) + c{ip,{p'j])- 

By using Theorem 15.41 and Proposition 15.10] now we can deduce the self-linking number 
formulae in [36], [37] . Let Oo- (resp. Op^ ) be the exponent sum of the the braid generators 

Wi}7=i (resp. Pj) in the braid word b = b\^b%^ • • • Let a = YJlZl sAp',] G Hi{S, dS), 
the homology class introduced in the proof of Claim [5^2] such that [b] = a — (j)^a. 

Corollary 5.13 (The self-linking numbers for planar open books [3^). With the notations 
above, the self-linking number is given by the following formula. 

r r— 1 

s/(6, [S]) = -n + a^ + ^Op^il- Sj) -^Sj ^ tj^i 

j=2 j=l l<i<r-l, i=ij 

Proof. Since [bi] • [bj] = for all bi, bj G {pi, . . . , /?r-i, <ti, . . . , (t„_i}, we have 

I r-1 

eicpib) ='Yei = aa + Up. , 
i=i j=i 

and since [p'j] • [pk] = Sj^k we have 

r-1 I r-1 

<^,(a) . [b] = {a- [b]) ■ [b] = (Y^^APj]) ■ (E^*[^*]) = E%-^r 

j=l i=l j=l 
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Hence by Theorem 15.41 and Proposition 15.101 we have: 

S) = — n + e5cp(6) - (/)*(a) • [6] + c((/>, a) 

r-l r-l 

= -n + a^ + '^ap^il- Sj) - "^Sj ^ tj^i. 

j=l j=l l<i<r— 1, i^j 

□ 

5.4. The function c: Surface with one boundary component. 

Let 5 = Sg^i be a genus g surface with one boundary component. When g = 1, since 
there is no wall Proposition l5.8l -(3) implies that c{(f),a) = for all (p £ MCG(S'i^i) and 
a € Hi(S,dS). Henceforth in this section we restrict our attention to the case g >2. 

We observe in the following example that, unlike the planar case (cf. Remark l5.1ip . the 
function C is no longer completely determined by homological data of (p. In fact we will 
see in Proposition 15. 161 that C carries even deeper information of cf). 

Example 5.14. Let us take simple closed curves C,C' and p as in Figure [26l Since C 



a 




wall 



Figure 26. Mapping classes inducing the same action on homology, but 
taking different values for C. 

and C bound a subsurface, Tc and Tc induce the same action on the homology groups 
ii\{S\TL) and Hi{S,dS;7,). As shown in Figure [271 we may modify the curve Tc{p) into 
the normal form by introducing three positive hyperbolic singularities and one negative 
hyperbolic singularity. Hence c(Tc, [p]) = 2. On the other hand, C does not intersect the 
walls, so c{Tc', [p]) = 0. 

In this section we use the following notations: Recall the circles Pj,p'j C S defined in 
Section To distinguish elements of Hi{S;Z) and Hi{S,dS;'Z) = H^{S;Z), we use the 
symbol [pj] (j = 1, . . . , 2g) to express the homology class of Hi{S) represented by the circle 
Pj, and the symbol [p'j] for the relative homology class of Hi{S,dS) = H^{S) represented 



OPEN BOOK FOLIATION 



33 




Figure 27. Configuration change of Tc{p) into the normal form. 



by the circle p'y Note that since S has connected boundary, as a curve pj = p'j for all j 
and as a group Hi{S] Z) ^ Hi{S, dS; Z) ^ 1?9 , 

Let ( , ) : Hi{S,dS;Z) x Hi{S;Z) ^ Z denote the natural pairing of cohomology and 
homology, or the intersection pairing, i.e., (PD[Pj], [pfc]) = [p'j] ■ [pk]- For simplicity, we 
denote pd[/9^] by [p'j] in the following. We have: 

r 1 ii{j,k) = {2i-i,2i), 

m[Pk]) = \ -1 if (i,A;) = (2i,2i-l), 
otherwise. 

Let F := 7ri(5), Fi := [F,F] the commutator subgroup, and F2 := [[F,F],F] the second 
term in the lower central series of F. Then the action of MCG(S'g^i) on F induces a 
representation 

Q : MCG(53,i) ^ Aut(F/F2) 

called the (first) Johnson-Morita homomorphism, cf. \42\ p. 199]. 

Let /C be the subgroup of MCG(5'g^i) generated by Dehn twists along separating simple 
closed curves in S. Johnson proved in [35] that for g >3 we can identify /C = ker g. While, 
Proposition 15.81 - (2) (4) imply that our crossed homomorphism C also vanishes on /C. Hence 
it is natural to expect that the function c is governed by the image of g, i.e., metaabelian 
information of the action of (j). In fact we will show that if g{(j)) = g{ip) then C{(j)) = C{iJj). 

This can be achieved by relating our function c to a well-known crossed homomorphism 

k : MCG(5g,i) ^ H^{S;Z) 

which appears in various contexts in the theory of mapping class groups. (See Section 2 of 
[41j for concise overview.) Below we define k following Morita's [401 Sec 6] that is based 
on combinatorial group theory. 
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Definition 5.15. Let F2 be the free group of rank two with generators a and (3. Any 
element of F2 is uniquely written in the form a''^ (3^^ ■ ■ ■ a'^"/3^" , where ej,5j G { — 1,0, 1}. 
With this expression, we define a function d : F2 ^ "Lhy 

n i 

d{a'^ • • • a'" ) = '^^ ■ 

i=i j=i 

Let ai, Pi {i = 1, . . . , g) he generating curves of 7^1(8) as in Figure [28l Let pi : 7ri{S) F2 




Figure 28. 

be a homomorphism defined by 

a if 7 = Oj, 



P if 7 = A, 
1 otherwise. 



Finally we define a map k : MCG(5g,i) x Hi{S, dS) ^ Z by 

9 

1=1 

where 7 G T^iiS) represents a G Hi{S,dS). Morita proved in [40 1 Lemma 6.3] that k{(j),a) 
is a crossed homomorphism. 

Now we give an explicit formula of the function c by using k. It provides a new geometric 
meaning of the classically known crossed homomorphism k: the signed count of the saddles 
in the OB cobordisms. 

Proposition 5.16. If S = Sg^i has connected boundary and g > 2, then the function c is 
expressed as 

9 

(5.9) c{(t>,a) = -2k{(t>,a)+Y,{[p2^~l]-[p2i], 4>*a-a) 

1=1 



^{a,[p2.-l]){[p'2^], MP'2^] - [P^.]) 
i=l 
9 

XI [P2i])([P2i-l]> Mp2t-l] - [p2-^-l]) 



i=l 
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where (j)^a — a and (j)*[p'j] 



are regarded as elements of Hi{S\ 



Proof. Recall that the left hand side of ()5.9p satisfies the crossed homomorphism properties 
(1), (2) in Proposition 15.81 Hence it is sufficient to verify (I5.9p for some generating set of 
the mapping class group MCG(S'g^i). 

We use the Lickorish generators of MCG(5g^i). Let Ai,Bi (i = 1,. . . ,g) and Cj (j = 
1, . . . ,g — l) be simple closed curves as shown in Figure [29l Lickorish proved that the Dehn 

Ar, Ao A^ 













1 BpC- 


\ * * * ' 













a, 



Figure 29. Generating curves for MCG(5g,i). 

twists along these 3g — 1 curves generate MCG(S'g^i). With the orientations indicated in 
Figure we have in Hi {S; Z) that 

[Ai] = [p2i-i], [Bi] = [p2i], and [Ci] = -[p2i-i] + [P2i+i]- 

First of all, we observe that if D G {Ai, Bi,Ci} is disjoint from the loop pj, then 
c{TD,[p'j]) = k{TD,[p'j]) = and Td^p'^] - [p'-] = 0, thus the formula holds. So 

we only need to consider the case when D has non-trivial intersection with pj. There are 
four cases to study: 

Case I: (,/., a) = (T^, , [py ) 
Since Ai is disjoint from the walls, Proposition l5.8l -(3) implies that c(T/i-, [p2i]) = 0. On 
the other hand, TAi{p2i) = P2i~iP2i = j^g-iOgLi in 7ri(5') hence /.(T^^, [p'^i]) = d{j3a'^) = 0. 
Finally, observe that TAiJiP'2i] - [p'2i] = [P2t-i], hence 

9 

W := ^{[p'2k-i\ - [P2fc]> (t^*"- -a) = {-[p'2i]^ [P2i^i\) = 1, 
fc=i 

9 9 

•= [/'2fc-l])([P2fe], <A*[P2fc] - [P2fc]) + [/'2fc]>([P2fc-l], <P*[p'2k-l\ " [P2fc-l]) 

fc=l k=l 

= {[p'2.],[P2^^l]f = i-l? = l■ 

Thus, the equality (j5.9p holds. 

Case II: (</., a) = (T^,, [p'2._i]) 
As in the Case I, Bi is disjoint from the walls, so c{TBi, [p'2i-i]) = 0. On the other hand. 
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TBi(p2i-i) = P2i-iP2i = Pg-i^g-i, hence k{TB^-,[p'2i-i[) = d{[5a) = 0. FinaUy observe that 
^-B.JP2i-i] - [p2»-i] = -[P2i], hence 

W = ([P2.-i],-M) = -l, 

M = {[P2^-lUP2^i\){[p'2i^ll-[P2^]) = -l. 

Thus, the equahty (j5.9p holds. 

Case III: {<P,a) = {TcAp'2^]) 
Observe that c(Tc^, [p'2i\) = —1- Since 

Tci{p2i) = p2ip2l+iP2t P2i~ip2i = a~\l3~-i-iag-il3g-ia~y, 
KTcAp'2^]) = d{f3a-^) + d(/3-i) = 0. Finally, TcM^] " [p2^] = [p2^-l] - [p2^+l], hence 
W = 0, 

M = {[p'2,],[p2^-l]){[p'2i],-[P2^+l] + [p2^-l]) = i-lf = 1- 

Thus, the equality (j5.9p holds. 

Case IV: (,/., a) = (Tc,, [p'^.+sD 
In this case, c{Tci, [p2i+2\) — 1 ^^"^ 

TCiiP2i+2) = P2i P2i~lP2iP2i+lP2i+2 = OLg_iP~^^a~\Pg-i-ia~y__^. 

Hence k{Tc.Ap'2i+2]) = d{al3~^a~^) + d{(3a~'^) = -1. Finally, Tc.Jpsi+s] " [^2^+2] = 
-[P2i-i] + [P2i+i], hence 

W = 0, 

M = ([P2i+2]. [p2i+l]){[p2i+2], -[P2i^l] + [p2i+l]) = (-1)^ = 1- 

Thus, the equality ()5.9p holds. These computations complete the proof. □ 

As Morita states in |42( Remark 4.9] the crossed homomorphism k is obtained directly 
from the Johnson-Morita homomorphism g : MCG(«S'g^i) — ?> Aut(r/r2). He proves that the 
image of g lies in ^ /\^ H (here denotes Hi(S; Z) = H^{S; Z)), and that k = C o g where 
C : ^ /\'^ H ^ H is the contraction. Moreover, the cohomology class of k generates the 
cohomology group (MCG {S g ^i) ; H^{S;Z)) ^ Z, [iQl Proposition 6.4]. Thus it is natural 
that k appears in the description of our crossed homomorphism c. 

Theorem [53] and Prop osit ion 1 5 . 1 6] gi ve a new relationship between the contact structures 
of 3-manifolds and the Johnson-Morita homomorphisms. 

This observation develops into the following question: 

Let Fj be the i-th term in the lower central series of F = 7ri(S'). Assume that we have 
a £ F/Fj_i such that [b] = (p^^a-a'^ as an element of F/Fj_i. Our result roughly says that, in 
the case i = 2, if we choose a homology class a G F/Fj_i = F/Fi = Hi{S] Z) (in geometric 
point of view, this choice corresponds to the choice of Seifert surface of the transverse 
link L = b), then the Johnson-Morita homomorphism g : MCG(S'g^i) Aut(F/F2) gives 
the self-linking number, which is the simplest invariant of transverse links. Now we ask 
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whether a similar phenomenon occurs in higher settings: Namely, do higher Johnson-Morita 
homomorphisms Qi : MCG(5g^i) — )■ Aut(r/ri) for i > 3 and a choice of a G T /Ti^i provide 
new invariants of transverse links? 

5.5. The function c: General surface case. 

Finally we give a complete description of the function c for general surfaces S = Sg^r- We 
use the same convention as in Section that is, [p'^] is an element of Hi{S,dS;Z) = 
H^{S;7j) and [pj] is an element of Hi{S;Z,). 

Let S' = Sg^i be the surface obtained from S = Sg^r by filling the boundaries 71, ... , 7^-1 
by discs and i : S ^ S' the canonical inclusion. Let vr : MCG{Sg^r) MCG(5'g^i) be the 
forgetful map. Let us consider the pull-back TT*k : MCG{Sg^r) x Hi{S,dS) — > Z of the 
crossed homomorphism k defined by 

TT*k : {4>,a) ^ A;(7r((/)), i*(a)). 

For 1 < i < r - 1 + 25f, let 




[p'j\ if j = l,...,r-l, 

-[p^.+J ifi = r,r + 2,...,r-2 + 2<7, 

[Pj-i] if i = r + 1, r + 3, . . . , r - 1 + 2g. 



In particular, we have ([<?•], [pj]) = 6ij. 

By combining Proposition 15.101 and Proposition 15.161 we get an explicit formula of the 
function c. 

Theorem 5.17 (A formula of function c). Let S = Sg^r be the surface with genus g and r 
boundary components. The function c : MCG(S'g^r) x Hi{S,dS;Z) — )• Z has the following 
expression: 

2g+r-l 2g+r~l 

c(<^,a) = -2(7r*A;)(</.,a)+ ^ a) - " [^j]) 

i=i i=i 
where cp^^a — a and (p*[<^j] — are regarded as elements of Hi{S;Z). 

6. New proofs to fundamental theorems in contact geometry 

In this section using the open book foliation techniques, we give new proofs to two 
fundamental results in contact geometry, Bennequin-Eliashberg inequality [17] and Honda- 
Kazez-Matic's theorem about the characterization of monodromies of open books support- 
ing tight contact structures [30] . 

Recall that an overtwisted disc is an embedded disc whose boundary is the limit cycle in 
the characteristic foliation. Thus an overtwisted disc always has Legendrian boundary. In 
the framework of the open book foliation, we consider an overtwisted disc with transverse 
boundary: 

Definition 6.1. Let D be an embedded oriented disc whose boundary is a positive trans- 
verse unknot K. We say D is a transverse overtwisted disc if sl{K, [D]) = 1 and the graph 
(cf. Definition 13. lOp is a tree. 
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Proposition 6.2. If{S,(j)) contains a transverse overtwisted disc then the compatible con- 
tact 3-manifold (M, ^) contains an overtwisted disc. 

Later, we prove the converse in Corollary 16.51 hence the existence of transverse over- 
twisted disc is equivalent to the existence of usual overtwisted disc. 

Proof. By Theorem 14.11 and applying the Giroux's elimination lemma (see [241 pl87]) we 
can convert a transverse overtwisted disc into an overtwisted disc. □ 

6.1. The Bennequin-Eliashberg inequality. 

The following proof of the Bennequin-Eliashberg inequality is similar to Eliashberg's origi- 
nal proof which uses the characteristic foliation, but ours is simpler and more combinatorial. 

Theorem 6.3 (Bennequin-Eliashberg inequality [T^)- ^/ contact 3-manifold {M,(^) is 
tight, then for any null-homologous transverse link L and its Seifert surface T,, the following 
inequality holds: 

sl{L, [S]) < -x(S) 

The following is a key lemma to prove Theorem 16.31 

Lemma 6.4. Let L be a null-homologous transverse link in a contact 3-manifold {M, ^) 
and Ti be a Seifert surface for L. Assume that 

sl{L,m) > -x(S), 

that is, Bennequin-Eliashberg inequality is violated. Then the graph contains a con- 

tractible component with no fake vertices. 

Proof. Using Propositions 13.81 and 15. 11 we assume that sl{L, [S]) -I- x{^) = 2(e_ — > 0, 
i.e., e_ — /i_ > 0. 

Let Fi, . . . ,Tk denote the connected components of the graph Let /(Fj) be the 

number of the fake vertices of Fj and e_(Fj) the number of the negative elliptic points 
in Fj. Let /i_(Fj) be the number of the edges in Fj. By Theorem \3.5\ we may assume 
that Tob{^) has no c-circles, hence the region decomposition (cf. Proposition 13. 9p does not 
contain type ac, be or cc regions, so e_ = Yli=i ^-(^i) ^^'^ ^- = Yli=i ^-(^i)- Since Fj is 
connected, the Euler characteristic of Fj satisfies that: 

x(F,) = (/(F,) + e_(F,))-/i_(F,)<l, 

i.e., e-_(Fj) — /i__(Fj) < 1 — /(Fj). Therefore we obtain that e_(Fj) — /i_(Fj) = 1 if and only 
if /(Fj) = and Fj is contractible. Now we have: 

< e_ - = ^e_(F,) -J^hA^i) = ^(e.(ri) - h_{r,)) < ^^(1 - /(F,)). 

j=l i=l 1=1 i=l 

Thus for some i, the equality e_(Fj) — /i_-(Fj) = 1 must hold, which implies that Fj is 
contractible and has no fake vertices. □ 

Now we are ready to prove Theorem 16.31 
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Proof of Theorem \6.3[ Suppose that there exists a nuh-homologous transverse hnk L in 
(M, ^) with T, a Seifert surface such that s/(L, [S]) > — x(S). We will show that ^ is 
overtwisted. 

Fix an open book {S, (p) which supports ^, and isotope L and S, with the transverse 
link class of L preserved, so that it admits an open book foliation /^^(S). By Lemma 13.51 
we may assume that Tob{^) contains no c-circles, so the induced region decomposition (cf. 
Proposition 13. 9p consists of aa-, ab-, and 66-tiles. By Lemma |6.4| the graph contains 
a contractible component T with no fake vertices. 

Let TZ be the set of regular &-arcs that end at the vertices of F. Clearly the closure TZ 
contains F. Let V C TZhe the set of positive elliptic points in TZ and the stable separatrices 
approaching to positive hyperbolic points in TZ. Since F is a tree with no fake vertices, 
7?- \ P is an open disc embedded in S. 

If TZ is not a disc (cf . Figure [50]) , then we can cut open TZ along some stable separatrices 




Figure 30. TZ may not be a disc. 

and/or elliptic points in V to obtain a disc D whose interior Int(-D) = TZ\T^. Let "Po C P 
be the set of such stable separatrices and elliptic points in V needed to obtain D. Let 
A G T^o be a connected component, i.e., either a point (positive elliptic point) or an arc 
(a union of unstable separatrices joined at positive hyperbolic points and positive elliptic 
points) . 

In either case, we cut out TZ along A. Denote the copies of A by Ai,A2. By isotopy 
that preserves the open book foliation J^ohiTZ \ Po), move a thin collar neighborhood 
z^(Ai) C (7^ \ A) of Ai so that Ai ^ A2. Figure [31] (resp. Figure [32]) depicts the case when 
A is a point (resp. the pair of stable separatrices for a single positive hyperbolic point). 

We apply the cutting operation for all the connected components in T'o and denote the 
resulting surface by D. By the construction, D is a disc and sitting on the surface S 
except a neighborhood of some part of the boundary dD. Note that dD consists of stable 
separatrices for positive hyperbolic points and positive elliptic points. We extend D by 
adding a collar neighborhood to dD so that the resulting surface, D, is a disc embedded in 
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Figure 31. (Left) A neighborhood of a point A in 7^ (the shaded region). 
(Right) Transition under the cutting operation. 




Figure 32. (Left) A neighborhood of an arc A (red) in TZ. (Right) Transi- 
tion on the page of the open book that contains A under the cutting oper- 
ation. 

M, its boundary dD is a positive transverse unknot, and the open book fohation J^ob{D\D) 
on the cohar has no singularities. See Figure [33l Hence D is a transverse overtwisted disc. 
By Proposition 16.21 we conclude that ^ is overtwisted. □ 



a, 




i- — 









Figure 33. Construction of D. 



OPEN BOOK FOLIATION 



41 



Corollary 6.5. If a contact 3-nianifold (^(5,</,), C(s,<^)) contains an overtwisted disc then 
{S, (j)) contains a transverse overtwisted disc. 

Proof. Let A C (M, ^) be an overtwisted disc. We orient A so that the elhptic point of 
J-^{D) has negative sign. Since A is embedded and the boundary L = dA is a Legendrian 
knot, |22^ p. 129] implies that we can take a collar neighborhood i'{A) of A whose char- 
acteristic foliation J^^(j>(A)) is sketched in Figure [Ml Let C z^(A) (dashed circle in 




Figure 34. The characteristic foliation J^^(z^(A)) and a positive transverse 
push off L'^. 

Figure [34l) be a positive transverse push off of L. Let A^ C i^(A) be the disc bounded 
by L"*". Then sl{L~^, [A"^]) = 1 and the Euler characteristic has x{^~^) = 1- particular, 
sl{L~^ , [A"*"]) > — x(A"''). By the same argument as in the proof of Theorem 16.31 we can 
find a transverse overtwisted disc. □ 

6.2. Right-veering monodromy and tightness. 

In this section we give an alternative proof of Honda-Kazez-Matic's tightness criterion. 

We first review the notion of right-veering mapping classes. See |30[ Section 2] for precise 
definition. Let 7,7' be isotopy classes (rel. to the endpoints) of oriented properly embedded 
arcs in S which start at the same point * € dS. By abuse of notation, we use the same 
symbol 7 for a representative of the isotopy class 7. We say that 7' lies on the right side of 
7 if there exist curves representing 7 and 7' with the minimal geometric intersection such 
that around the starting point *, 7 strictly lies on the right side of 7'. In such case, we 
denote 7 > 7'. 

Definition 6.6. \30\ Definition 2.1] Let C be a boundary component of S. We say that 
(j) € MCG{S,dS) is right-veering with respect to C if 7 > holds for any isotopy classes 
7 of properly embedded curves which start at a point on C. We say that (j) is right-veering 
if (j) is right-veering with respect to all the boundary components of S. In particular, the 
identify id e MCG(S', dS) is right- veering. 
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Theorem 6.7. [30\ Theorem 1.1] If (j) is not right-veering, then C(s,<^) ^■^ overtwisted. 

Remark 6.8. The converse of Theorem 16.71 also holds as we can find a proof in [301 p. 444] 
where Eliashberg's classification of overtwisted contact structures [16] plays an important 
role. By Eliashberg's classification, an overtwisted contact structure admits an open book 
decomposition which is negative stabilization of some open book. Clearly such an open 
book has a non-right-veering monodromy. 

Proof. If (j) is not right-veering, then there exists a properly embedded oriented arc a (Z S 
such that (j){a) > a. By j30( Lemma 5.2], there exists a sequence of properly embedded 
oriented arcs (/>(a) = ao > • • • > Ofe = a such that ao, • • • have the same initial point, 
*, consecutive and Oj+i have disjoint interiors and distinct terminal points pi,pi+i. In 
order to construct a transverse overtwisted disc, we orient Oi against the parametrization, 
i.e., the positive direction is from pi to *. Let Bi be the binding to which pi belongs. 
For positive tangent vectors Va € Tp.ai and vb & Tp^Bi the ordered pair {vB,Va} yields a 
positive basis for Tp.S. 

Let ti = G [0, 1] where i = 0, • • • ,k + l. Let /3j (resp. $i) be a connected sub-arc 
of Oj whose endpoints are pi and a point very close to pi (resp. *). See the left sketch in 
Figure [HSJ Since = id near the bindings, po = pk i.e., f3o = f3k- To distinguish /3o and 



a,: 



Pi 



(s> 



Figure 35. Arcs ai,/3i, and 



Pk 
Po 







f3k we push a little along the binding in the positive direction so that there is no other 
Pi sitting between po and the pushed pk- See the right sketch in Figure [35l Now the arcs 
/3o, • • • ,/3fc are pairwise disjoint. The orientation of Oi induces those of /3j and /3j. 
We define sets of oriented arcs; 

Ai = /3o U • • • U /3fc where /3j is replaced by Oj, for i = 0, • • • ,k, 
Ak+i = aU/3iU---U/3fc. 

In the product domain S x [ti, ii+i] where i = 0, • • • , /c, we construct a smooth surface Di 
with Di n St- = —Ai and Di n St^^-^ = ^i+i in the following way: 
As t increases from ti to tj+i (i = 0, • • • ,k — 1): 

• For J ^ i, i + 1, the arc f3j stays the same. 

• The arc /3i+i(c Ai C Sti) smoothly extends to $i+i along Oj+i with the endpoint 
Pi+i fixed. 

• Since ai > a^+i, in a small neighborhood of *, the arc $i+i is on the right of 
ai. So we can find an arc C N (dashed in Figure [36]) on the right side of ai joining 
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Oi and /3i_|_i so that the sign of the corresponding hyperbohc point hi is positive. 
Passing the saddle point, they apart into arcs /3j and cti+i. See the passage from 
the left to right in Figure [36l 
• The arc /3i smoothly contracts to /3j along with the endpoint pi fixed. Hence we 
obtain A^+i. 




Figure 36. The construction of surface Dj. 



The trace of is in braid position in 5 x 

Similarly when i = k as t increases from tk to tk+i = 1, arcs Ok and Pq in Ak form a 
positive tangency hk then apart into a and in Ak+i- Rest of the /?-arcs stay the same. 

Since Oi and aj+i do not intersect except at the initial point *, the surface Di has no 
self- intersection. 

Now we glue Di and L'i+i along Ai^i C St^^-^ {i = 0, ■ ■ ■ , k — 1) and obtain a surface 
DqU ■ ■ ■ U Dk C S X [0, 1] whose boundary is —Aq U A^+i- Since arcs /3i, • • • , (3k are very 
close to the bindings where the monodromy (p is the identity, we can identify Aq and A^^i 
under (p. The resulting surface in M(5 0) is denoted by D. The topological type of D is 
the 2-disc and its open book foliation Fob{D) is depicted in Figure [371 In D, the point * 




Figure 37. The transverse overtwisted disc D. 



is a negative elliptic point, pi (i = 0, • • • , /c) is a positive elliptic point and hi is a positive 
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hyperbolic point whose stable separatrices join pi and Pi+i and unstable separatrices join 
* and a point of dD. Clearly our is a transverse overtwisted disc. □ 

Remark 6.9. Reader may notice that our proof is similar to the original proof in |30j . 
since both proofs are based on the same combinatorial lemma, |30| Lemma 5.2]. The crucial 
difference is that, in [30] this lemma is used to show the existence of bypass, the half of an 
overtwisted disc, whereas we use this lemma to construct a chain of positive elliptic and 
hyperbolic points surrounding the center negative elliptic point of an overtwisted disc. Our 
proof visualizes an overtwisted disc, in contrast to the original proof. 

6.3. Right-veering monodromy and overtwistedness. 

Theorem 16.71 states that if an open book (S", (ji) supports a tight contact structure, then (j) 
is right-veering. The converse does not hold in general. Indeed Honda-Kazez-Matic |30] 
show that for every contact structure there is a supporting open book with a right- veering 
monodromy. They utilize a sequence of stabilization to construct such an open book. 

However in special cases, the converse holds: If xiS) > —1, then the contact manifold 
(M(5 0), 0)) is tight if and only if is right- veering. This fact is due to Eliashberg 
|17j . Etnyre- Honda [19] and Goodman [28] when S is an annulus or a pair of pants, and 
Honda-Kazez-Matic [32^ Theorem 1.2] when is a once-punctured torus. We will study 
the problem when a right-veering open book supports a tight contact structure in our 
subsequent paper [33] . 

In |32|, Question 6.2] Honda-Kazez-Matic ask whether a right-veering and non-destabilizable 
open book always supports a tight contact structure. Recently, Lekili [38] and Lisca j39j 
negatively answer to the question by constructing examples. They study open book de- 
compositions of 3-manifolds whose tight contact structures are well-studied and classified 
(in |38j Poincare homology 3-spheres, and in [39] lens spaces). In both constructions, the 
most technical points are showing that their open books indeed support overtwisted con- 
tact structures. Advanced tools such as Ozsvath-Szabo's Heegaard Floer invariants and 
properties of planar open books enable them to overcome the difficulty. 

We generalize Lekili and Lisca's examples in Theorem 16.101 below. Our proof of over- 
twistedness is direct and does not require any knowledge of classification of tight contact 
structures of ambient manifolds or Ozsvath-Szabo's invariants. 

Theorem 6.10. Let S he a 2-sphere with four holes. Let a,b,c,d,e be simple closed 
curves on S as shown in Figure [SR For h,i,k > 1, let ^h,i,k = T^TlTcTdT~^~'^ where 
Tx {x = a,b,c,d,e) denotes the right-handed Dehn twist along x. Then ^h,i,k is right- 
veering, and the open book (S, ^h,i,k) is non-destabilizable and supports an overtwisted 
contact structure. 

Remark 6.11. Lekili's examples \38\ Theorem 1.2 and Remark 4.1] are ^2,i,i (i ^ 5), and 
Lisca's examples [391 Theorem 1.1] are ^h,i,i {h,l > 0). 

Proof. We owe |38j |39j the proof that ^h,i,k is right-veering and non-destabilizable. Hence 
we only show that (S, ^h,i,k) supports an overtwisted contact structure. 

In Figure [39l we explicitly describe a transverse overtwisted disc D in the open book 
{S,^h,i,k)- It contains two negative elliptic points ni, 77-2 and {2k + 3) positive elliptic 
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Figure 38. Surface S. 

points pi, . . . ,P2k+3- We illustrate the intersection of D with six pages of the open book, 
including L» n So in Sketch (1), and DnSi in Sketch (7). Note that ^h,i,k{^^^'^) = DDSq. 
The open book foliation of D is depicted in Figure HOl Finally, we can verify that: 

sl{dD, [D]) = -(e+ - e_) + (/i+ - = -((2A: + 3) - 2) + ((2A; + 3) - 1) = +1. 

□ 



(1) 



P2k+2 




Leaves in the fiber 5*0 consist of two 
6-arcs and {2k + 1) a-arcs. 
The dashed description arc corre- 
sponds to a negative hyperbolic 
point. 
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anating from pi and it represents a 
positive hyperboUc point. 
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anating from p2 and it represents a 
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